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Abstract
The ‘Wave Geometry’ equation of the pre-WWII Hiroshima program
is also the key equation of the current ‘fake supergravity’ program. I re-
view the status of (fake) supersymmetric domain walls and (fake) pseudo-
supersymmetric cosmologies. An extension of the domain-wall/cosmology
correspondence to a triple correspondence with instantons shows that
‘pseudo-supersymmetry’ has another interpretation as Euclidean super-
symmetry.
∗ Contribution to the proceedings of the 5th International Symposium on Quantum Theory
and Symmetries (QTS5), Vallodolid, July 2007.
1 Introduction
The atomic bomb dropped on Hiroshima at the end of WWII killed many members
of a group of physicists who were pursuing a ‘Wave Geometry’ (WG) program that
was, in some respects, a precursor to supergravity. Although supersymmetry was
then unknown, the Hiroshima physicists were inspired by the Dirac equation as the
‘square root’ of the wave equation and aimed to do something similar for gravity.
Their results were published in book form in 1962 [1]. Central to the WG program
was the equation
(Dµ +Mµ) κ = 0 , (µ = 0, 1, 2, 3) (1.1)
where κ is a spinor wave-function, Dµ is the usual covariant derivative on spinors,
and Mµ are matrix-valued functions. Much effort went into an attempt to determine,
for all possible choices of the matrix functions Mµ, the spacetime metrics that would
allow a non-zero κ. In effect, the WG program involved a classification of four-
dimensional spacetimes admitting spinors that are covariantly constant with respect
to some connexion with values in Gl(4;C). This technical aspect of the program
continues today in the effort to determine all supersymmetric solutions of supergravity
theories, in particular the 10 and 11-dimensional supergravity theories of relevance
to string/M-theory, and also in the ideas of ‘fake supergravity’ (FS) some of which
will be reviewed here.
The WG equation arises naturally in gauged supergravity theories from the re-
quirement of partial preservation of supersymmetry since the vanishing of the local
supersymmetry variation of the gravitino field for some non-zero spinor parameter κ
yields precisely an equation of the above form. In this context the WG equation is
usually called a ‘Killing spinor’ (KS) equation. Its integrability conditions are some-
times called ‘BPS’ equations because they are first-order equations that are analogous
to first-order equations introduced in the context of field theory solitons by Prasad
and Sommerfield [2] and Bogomolnyi [3]. Although there is often a natural relation
of such equations to supersymmetry, any consequence of supersymmetry for the clas-
sical theory must be independent of the fermions and may therefore be applicable
to a much wider class of theories. This was the general idea behind a derivation of
first-order equations for D-dimensional domain wall spacetimes in [4], which assumed
a ‘supergravity-inspired’ form of the scalar field potential introduced previously [5].
In this context, one considers equations of the WG form with Mµ ∝ Γµ, where Γµ
(µ = 0, 1, . . . , D − 1) are a set of Dirac matrices. The associated methods currently
go by the name of ‘fake supergravity’ [6], which suggests compatibility with ‘gen-
uine’ supergravity although this aspect has been (more or less) fully understood only
recently. Here I show how the supersymmetric domain walls of N = 1 D = 4 su-
pergravity [7, 8] can be found from the FS formalism, following steps spelled out in
[9, 10, 11, 12].
The fake supergravity formalism can be extended to cosmology via the ‘Domain-
Wall/Cosmology correspondence’: this is the observation that any homogeneous and
isotropic cosmological solution of a model with potential V can be obtained by an-
alytic continuation of a domain wall solution of the same model but with potential
1
−V [13, 14]. A further feature of this correspondence is that a domain wall admit-
ting Killing spinors corresponds to a cosmological solution admitting ‘pseudo-Killing’
spinors [14]. Both Killing spinors and pseudo-Killing spinors are non-zero solutions
of a WG equation of the form (1.1), but they differ according to the hermiticity prop-
erties of the ‘mass-matrix’ M = ΓµMµ. If M is hermitian (anti-hermitian) then we
say that a non-zero solution κ is a Killing (pseudo-Killing) spinor. Here, by using
results of [15], I extend the Domain-Wall/Cosmology correspondence to a triple cor-
respondence between domain-walls, cosmologies and ‘cosmological instantons’. This
shows that the notion of a pseudo-supersymmetric cosmology is closely related to the
(possibly more familiar) notion of a supersymmetric instanton.
Also reviewed here, in the restricted context of flat domain walls or cosmologies,
is the remarkable connection [14, 16] of the FS formalism to Hamilton-Jacobi (HJ)
theory. As shown in [17, 18], one can ‘reduce’ the HJ equation for the ‘principal’
function to a simpler equation for a function that depends only on the scalar fields;
this is analogous to the reduction to an equation for Hamilton’s characteristic function
for a particle in a time-independent potential. This ‘reduced HJ equation is just the
equation for the potential in terms of the superpotential, and the associated BPS
equations are equivalent to the usual first-order equations of the HJ formalism.
2 Domain Walls and Fake Supersymmetry
We shall focus here on flat walls. By this we mean that the (D − 1)-dimensional
‘worldvolume’ geometry of the wall is Minkowski (since we consider only static walls).
To maintain the generic isometries of such a metric, all fields other than scalar fields
must vanish, so the general framework for a study of gravitational domain walls is
gravity coupled to some number n of scalar fields φi (i = 1, . . . , n) taking values in a
Riemannian ‘target’ space with metric Gij and with potential energy function V (φ).
The Lagrangian density for such a model takes the form
L =
√
− det g
[
R−
1
2
Gij ∂φ
i · ∂φj − V
]
, (2.1)
where g is the metric for a D-dimensional spacetime and R is its scalar curvature.
Introducing the D-dependent constants
α =
√
(D − 1)/[2(D − 2)] , β = 1/
√
2(D − 1)(D − 2) , (2.2)
we may put the spacetime metric for a flat domain wall in the form
ds2D = (e
αϕf)2 dz2 + e2βϕ
[
−dτ 2 + dx · dx
]
, (2.3)
where x are cartesian coordinates on the wall, and ϕ and f are functions of z. The
inclusion of the function f ensures that we maintain z-reparametrization invariance,
so a choice of f amounts to a choice of parametrization. The ‘standard’ choice is
f = e−αϕ , (2.4)
2
because the parameter z is then an affine distance parameter.
Taking the scalar fields to be functions of z only, we have the following effective
Lagrangian for the variables (ϕ, {φ}):
Leff =
1
2
f−1
(
ϕ˙2 − |φ˙|2
)
− fe2αϕV , (2.5)
where |..| is the norm in the target space metric. If we now assume that there exists
a real function V such that [5]
V = 2
[
Gij∂iW∂jW − α
2W 2
]
, (2.6)
then we may rewrite Leff as [4]
Leff =
1
2
f−1
(
υ2± − |v±|
2
)
±
d
dz
(2eαϕW ) , (2.7)
where
υ∓ = ϕ˙∓ 2αfe
αϕW , vi± = φ˙
i ± 2feαϕGij∂jW . (2.8)
This form of Leff shows that the equations of motion will be satisfied by any solution
of the first-order equations
υ∓ = 0 , v
i
± = 0 (i = 1, . . . , n), (2.9)
for either the upper sign or the lower sign. Moreover, the Hamiltonian constraint
obtained from the variation of f can be put into the form
υ−v
i
+ = υ+v
i
− , (2.10)
and this is clearly satisfied too.
For the standard gauge choice (2.4) the equations (2.9) become
ϕ˙ = ±2αW , φ˙i = ∓2Gij∂jW . (2.11)
This derivation of these equations is similar to Bogomolnyi’s derivation of first-order
equations for field theory solitons in models that are supersymmetrizable; in the
context of the supersymmetric theory, these ‘Bogomolnyi’ equations are just the BPS
equations for supersymmetry preservation. Is there a similar interpretation for the
equations (2.11)? Consider the ‘supergravity-inspired’ Killing spinor equation [4, 6,
19]
(Dµ − αβWΓµ)κ = 0 , (2.12)
where Dµ is the standard covariant derivative on spinors and Γµ are Dirac matrices
(µ = 0, 1, . . . , D − 1). It can be shown that the integrability conditions are
ϕ˙ = ±2αW , |φ˙|2 = ∓2φ˙i∂iW , (2.13)
and the Killing spinors are
κ(z) = e
1
2
βϕ(z)κ0 Γzκ0 = ±κ0 . (2.14)
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For a single scalar field, the equations (2.13) are equivalent to (2.11) whenever |φ˙|
is non-zero, but for multi-scalar models we need additional equations. Consider the
following ‘supergravity-inspired’ conditions.
(
Γµ∂µφ
i + 2Gij∂jW
)
κ = 0 (i = 1, . . . , n). (2.15)
Using the results that follow from the existence of Killing spinors, one finds that there
are no further conditions on κ provided that
φ˙i = ∓2Gij∂jW . (2.16)
Thus, the equations (2.12) and (2.15) together imply the first-order equations (2.11).
This fact prompted the authors of [6] to refer to any model of gravity coupled to
scalars for which the scalar potential takes the form (2.6) (or the generalization
needed for curved domain walls) as a ‘fake supergravity’ theory. Note that there is
no obvious relation of ‘fake’ to ‘genuine’ supergravity (except for D = 3) so the con-
ditions (2.12) and (2.15) for ‘fake supersymmetry’ are not related in any obvious way
to conditions for preservation of ‘genuine’ supersymmetry. Nevertheless, one would
hope that the requirement of fake supersymmetry is consistent with the requirement
of supersymmetry when the FS theory happens to be the bosonic truncation of a
‘genuine’ supergravity theory. Let us now consider this issue before moving on to
cosmology.
2.1 Consistency with supergravity
One source of the ‘inspiration’ for FS is minimal D = 3 supergravity coupled to
scalar supermultiplets because the potential V in this case is given precisely by (2.6),
and the same is true of the Killing spinor equation. The relation of fake to ‘genuine’
supergravity for D > 3 (when such a theory exists) is not so obvious. Domain wall
solutions of minimal D = 4 supergravity coupled to chiral supermultiplets have been
much studied [7, 8]. Let us now see how the FS formalism emerges in this context.
The scalar fields are the complex first components of the chiral superfields, so the
number n or real scalar fields is even. Let Φα (α = 1, . . . n/2) be these complex scalar
fields, which must parametrize a Ka¨hler ‘target space’. The target space metric takes
the form Gαβ¯ = ∂α∂β¯K, where K(Φ, Φ¯) is the (real) Ka¨hler potential. The scalar
potential for this model is
V =
1
2
eK
[
Gαβ¯DαPDβ¯P¯ − 3|P |
2
]
(2.17)
where P (Φ) is the holomorphic superpotential, and
DαP = ∂αP + (∂αK)P (2.18)
is the Ka¨hler gauge-covariant derivative. When V is expressed in terms of the real
‘superpotential’
W = eK/2|P | , (2.19)
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it takes the form [9, 12]
V = 2
[
Gαβ¯∂αW∂β¯W − (3/4)W
2
]
, (2.20)
which agrees with (2.6).
Now let Γµ (µ = 0, 1, 2, 3) be real Dirac matrices and define γ5 = Γ0Γ1Γ2Γ3,
which is also real and squares to minus the identity matrix. In terms of a pair of
complex conjugate (anti)chiral spinors κ± (eigenspinors of iγ5 with eigenvalues ±1)
the supergravity Killing spinor equation is
(
Dµ +
i
2
Aµ
)
κ+ −
1
4
eK/2PΓµκ− = 0 (2.21)
where
A = −
i
2
(
dΦα∂αK − dΦ
β¯∂β¯K
)
(2.22)
is the Ka¨hler connection one-form. In terms of the new real spinor parameter [12]
κ =
(
P¯ /P
)1/4
κ+ +
(
P/P¯
)1/4
κ− , (2.23)
one finds that the Killing spinor equation simplifies to
(
Dµ +
i
2
A˜µ −
1
4
WΓµ
)
κ = 0 , (2.24)
where A˜ is given by (2.22) but with K replaced by K˜ = 2 logW . For co-dimension
one metrics the connection A˜ is necessarily pure gauge, so the integrability conditions
for a D = 4 Killing spinor in a domain wall background are the same as those for the
fake Killing spinors defined by (2.12).
Finally, the remaining supersymmetry preservation conditions of D = 4 super-
gravity are
Γµ∂µΦ
ακ− + 2e
K/2Gαβ¯Dβ¯P¯ κ+ = 0 . (2.25)
When these equations are expressed in terms of W and the new spinor parameter κ,
one finds that
(1 + iγ5)
[
Γµ∂µΦ
α + 4Gαβ¯∂β¯W
]
κ = 0 . (2.26)
On setting Φα = Aα + iBα for real scalar fields (Aα, Bα), one finds the equivalent
condition [
Γµ∂µA
α + 2Gαβ¯
∂W
∂Aβ
]
κ = γ5
[
Γµ∂µB
α + 2Gαβ¯
∂W
∂Bβ
]
κ . (2.27)
This is not yet (2.15) but we should now recall that for domain walls the only non-zero
derivatives of the scalar fields are the ∂z derivatives, and also that κ is an eigenspinor
of Γz for a supersymmetric domain wall. Since Γz anti-commutes with γ5, multiplying
both sides of (2.27) by Γz effectively yields the same equation but with opposite sign
for the right hand side, so both left and right hand sides must vanish separately and
the consequences of (2.27) are therefore the same as those of (2.15).
5
3 Cosmology and pseudo-supersymmetry
The relevant Lagrangian density for homogeneous and isotropic cosmologies is again
(2.1) because the symmetries again permit only scalar fields to be non-zero. The
spacetime D-metric for a flat homogeneous and isotropic universes may be put into
the form
ds2D = − (e
αϕf)2 dt2 + a2(t) dX · dX (3.1)
where X are cartesian coordinates for a (D − 1)-dimensional Euclidean space, and
a = eβϕ(t) (3.2)
is the cosmological scale factor. A choice of f amounts to a choice of time parametriza-
tion. The ‘standard’ choice is
f = e−αϕ , (3.3)
because t is then the standard Friedmann-Lemaitre-Robinson-Walker (FLRW) time.
For this choice, the inverse Hubble length is
H = a˙/a ≡ βϕ˙ , (3.4)
where the overdot now indicates differentiation with respect to t.
One might suppose that cosmologies, in contrast to domain walls, cannot be
supersymmetric because they are time-dependent. While this is true in the context of
standard supergravity theories, there are (non-unitary) ‘pseudo-supergravity’ theories
for which some cosmological solutions are supersymmetric [20, 12, 21]. These theories
can be viewed as different real forms of a complexified theory with holomorphic action
functional [20], and complex superpotential W . Variant real forms with Lorentzian
signature spacetime are possible only for extended supergravities because the analytic
continuation also modifies the reality properties of spinors. For example, for D = 4
one has N chiral gravitino fields that are related to their complex conjugates by
some linear transformation that is trivial for standard N -extended supergravity but
‘twisted’ for variant supergravities, in a way that requires N to be even [22, 23].
However, we may extend the notion of a ‘supersymmetric’ cosmology of a pseudo-
supergravity theory to a fake pseudo-supersymmetric cosmology of a fake pseudo-
supergravity theory, and in this context we may allow all ‘pseudo-Killing’ spinors
to be complex. In fact, this is the context in which the idea of a pseudo-Killing
spinor first arose [14]. We may also allow any spacetime dimension D, and any
superpotential function W , but the analytic continuation takes W → iW , where the
‘new’ W is again real. As a result, the scalar potential is again given by (2.6) but
with the opposite sign:
V = −2
[
Gij∂iW∂jW − α
2W 2
]
. (3.5)
Similarly, the Killing spinor equation (2.12) becomes the pseudo-Killing spinor equa-
tion
(Dµ − iαβWΓµ) κ = 0 . (3.6)
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The pseudo-Killing spinors take the form
κ =
√
a(t) κ0 , iΓtκ0 = ±κ0 , (3.7)
which shows that the pseudo-Killing spinor is a ‘square-root’ of the cosmological scale
factor. Note that Γt squares to minus the identity, so the factor of i in the projection
is needed for consistency; this factor is provided by the factor of i in (3.6).
Let us now restrict attention to models with a single scalar field σ, which may be
viewed as the inflaton field of inflationary cosmology. Assuming that σ is a monotonic
function of time, one finds that the integrability conditions for pseudo-Killing spinors
are
ϕ˙ = ±2αW , σ˙ = ∓2W ′ , (3.8)
where W ′ = dW/dσ. The first of these equations is just (3.4) with
H = ±2αβW , (3.9)
so the inverse Hubble length viewed as a function of σ is proportional to the super-
potential. Remarkably, it appears that it is W (σ) rather than V (σ) that is most
directly constrained (for D = 4, naturally) by the data [24].
Except for the different interpretation of the independent variable, the equations
(3.8) are just the specialization to a single scalar of the first-order equations (2.11)
for domain walls. This is one aspect of the general Domain-Wall/Cosmology cor-
respondence [13, 14]. As will now be explained, this is actually part of a larger
correspondence that involves cosmological instantons.
3.1 The Domain-wall/Cosmology/Instanton correspondence
For simplicity we continue to consider the single-scalar model, but to allow considera-
tion of Euclidean-signature metrics we also introduce a sign ǫ so that the Lagrangian
density is [15].
L =
√
ǫ det g
[
R−
1
2
(∂σ)2 − V
]
, (3.10)
where ǫ = 1 for Euclidean signature and ǫ = −1 for Lorentzian signature. Our in-
terest here is with co-dimension one configurations, and for Lorentzian signature this
means that we are considering either domain-wall or (homogeneous and isotropic)
cosmological spacetimes; we pass over the possibility of a foliation by null hypersur-
faces. Let us introduce a new sign η such that dΩ2η is the SO(D−1)-invariant metric
on the unit radius (D − 2)-sphere if η = −1, and the SO(1, D − 3)-invariant metric
on the unit radius (D − 2)-hyperboloid if η = 1. Now consider a metric of the form
ds2D = −ǫη (e
αϕf)2 dz2 + e2βϕ
[
−η
dr2
1 + ηkr2
+ r2dΩ2η
]
, (3.11)
where ϕ and f are functions of τ , and k is either zero or ±1. The D-dependent
constants α and β are as given in (2.6) and (2.12). For ǫ = −1, the choice η = −1
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yields the metric of a homogeneous and isotropic cosmology, describing a universe
that is closed if k = 1, open if k = −1 and flat if k = 0.
Again for ǫ = −1 but now setting η = 1 we have the metric of a domain wall; its
worldvolume geometry is anti-de Sitter if k = −1, de Sitter if k = 1 and Minkowski if
k = 0. In this case z is a space coordinate parametrizing distance from some fiducial
leaf of the foliation that can be viewed, for fixed r (which is now a time coordinate)
as ‘the domain wall’. Finally, when η = 1 we may choose ǫ = 1 to get a Riemannian
metric, which may be (loosely) interpreted as an ‘instanton’. In all cases we must
choose the scalar field σ to be a function only of z in order to preserve the (generic)
isometries of the metric.
Because we have maintained z-parametrization invariance by the inclusion of the
function f in the ansatz, it is legitimate to substitute the ansatz into the action.
After integration by parts and a rescaling, this yields the effective Lagrangian
Leff =
1
2
f−1
(
σ˙2 − ϕ˙2
)
− (ǫη)fe2αϕ Veff (3.12)
where the overdot indicates differentiation with respect to z, and
Veff (σ, ϕ) = V (σ)−
k
2β2
e−2βϕ . (3.13)
Note that the effective Lagrangian depends on the signs ǫ and η only through their
product, and that it is invariant under ǫη → −ǫη provided that V → −V and
k → −k. Setting ǫ = −1, we deduce the domain-wall/cosmology correspondence: for
every domain wall solution of a model with potential V there is a cosmology of the
model with potential −V (with opposite sign k if k 6= 0), and vice-versa.
Recall that the choice ǫ = 1 and η = −1, and hence ǫη = −1, yields solutions
with a Riemannian metric, but ǫη = −1 for domain-walls too, so each solution of
the effective equations of motion for a model with potential V yields both a domain
wall solution of the Lorentzian-signature Einstein-scalar equations and a solution of
the Euclidean-signature Einstein-scalar equations. The latter can be interpreted as
an instanton, but of the model with potential −V because instanton solutions of a
mechanical model are precisely solutions with a flipped sign of the potential. We thus
have the following extension of the domain-wall/cosmology correspondence: to each
domain wall solution of a model with potential V there corresponds both a cosmology
and an instanton of the model with potential −V (although the latter is actually found
from the effective Lagrangian with potential V ).
Note that this correspondence holds quite generally, irrespective of whether the
solutions are (pseudo)supersymmetric. However, there will be a correspondence be-
tween supersymmetric domain walls, pseudo-supersymmetric cosmologies and ‘su-
persymmetric’ cosmological instantons, which will admit Killing spinor solutions of
(2.12) but for a Euclidean spacetime metric. This metric could also be viewed as
a domain wall with a Euclidean worldvolume metric; in any case, the integrability
conditions are the same as those for a domain wall.
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4 Hamilton-Jacobi and supersymmetry
Returning to the case of cosmologies (η = −1) and domain walls (η = 1) with an
arbitrary number of scalar scalar fields, we introduce new variables (π, pi) canonically
conjugate to the variables (ϕ, φi), and pass to the Hamiltonian form of the effective
Lagrangian, which is
L0 = ϕ˙π + φ˙
ipi − fH (4.1)
where
H =
1
2
(
π2 −Gijp
ipj
)
+ η e2αϕVeff . (4.2)
Note that f is now a Lagrange multiplier for the Hamiltonian constraint H = 0. The
Hamilton-Jacobi (HJ) equation for this system is found by setting
π =
∂S
∂ϕ
, pi =
∂S
∂φi
, (4.3)
for Hamilton’s principal function S(ϕ, {φ}), in which case the Hamiltonian constraint
becomes (
∂S
∂ϕ
)2
−Gij
(
∂S
∂φi
)(
∂S
∂φj
)
+ 2η e2αϕ Veff = 0 . (4.4)
This is the HJ equation. From a solution of this equation one finds a solution of the
equations of motion via the first-order equations
f−1ϕ˙ =
∂S
∂ϕ
, f−1φ˙i = −Gij
∂S
∂φj
. (4.5)
We shall focus here on the k = 0 case for which Veff = V . In this case, the HJ
equation is solved by
S = ±2eαϕW ({φ}) . (4.6)
provided that the function W satisfies
V = 2η
[
Gij
∂W
∂φi
∂W
∂φj
− α2W 2
]
. (4.7)
Given a solution of this equation for W we now get a solution of the equations of
motion via the ‘reduced’ first-order equations
f−1ϕ˙ = ±2αeαϕW , f−1φ˙i = ∓2eαϕGij
∂W
∂φj
. (4.8)
In the ‘gauge’ f = e−αϕ, for which the independent variable is an affine parameter,
and for a single scalar σ, these equations reduce to (3.8), which can be used to
construct the function W from any given solution for which the function σ˙(z) has no
zeros [6, 19]; the construction yields a multi-valued W in those cases for which σ˙(z)
has isolated zeros. The remaining cases, such as domain walls asymptotic to unstable
adS spactimes [16], necessarily correspond to some other type of solution of the HJ
equation and will not be discussed here.
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Recall that η = −1 for cosmologies, in which case we have recovered the ‘reduced
HJ’ equation of Salopek and Bond [17]. For domain walls we have η = 1, and we
then recover the analogous reduced HJ equation of de Boer et al. [18]. Remarkably,
these expressions for the scalar potential in terms of the ‘reduced HJ’ function W
are precisely the same as the expressions given earlier for a fake (pseudo)supergravity
theory, which coincide with the (pseudo)supergravity expressions whenever these are
applicable. Moreover, the first-order equations (4.8) are precisely the ‘BPS’ condi-
tions of fake (pseudo)supersymmetry, which coincide with the conditions required for
preservation of 1/2 supersymmetry in (pseudo)supergravity whenever this is applica-
ble.
5 Discussion
The notion of a spinor that is covariantly constant with respect to a connexion more
general than the usual spin-connexion appears to have first arisen, in physics if not
also in mathematics, in the context of the ‘wave geometry’ program of the pre-WWII
Hiroshima group. As is well-known, the study of such spinors arises naturally in the
context of supergravity theories and is of relevance to studies of string/M-theory, but
it is of more general relevance and it is this fact that is exploited by fake supergravity,
which can perhaps be viewed as the intellectual descendent of Wave Geometry.
As we have seen, fake supergravity is consistent with standard D = 4 N = 1
supergravity, when applicable, but generalizes the ‘BPS’ conditions associated with
preservation of 1/2 supersymmetry by a domain-wall spacetime. As we have also seen
(at least for flat walls) there is a remarkable concordance between fake supergravity
and Hamilton Jacobi theory: the BPS equations for a (fake) supersymmetric domain-
wall solution are precisely the first-order equations of HJ theory while the relation
between the potential and the superpotential is the HJ equation. It is amusing to
note that the history of HJ theory was reversed for FS theory, in the following sense:
when Hamilton found the equation for his ‘principal’ function that we now call the
Hamilton-Jacobi equation, he deduced it from the equations of motion, i.e. from
Hamilton’s equations. When Jacobi saw Hamilton’s paper, he realized the central
importance of this equation, and that one could reverse the logic to find a solution
of Hamilton’s equations from a solution of the HJ equation. In the fake supergravity
case, Jacobi’s perspective came first: the ‘reduced HJ eqution’ was proposed as an
equation to be solved for the superpotential given the potential, and one then found a
‘fake’ supersymmetric solution via the BPS equations. Subsequently, it was realized
that the converse is also true: given a solution of the equations of motion one can
construct a superpotential satisfying the ‘reduced HJ equation, such that the given
solution is fake supersymmetric (i.e. solves the BPS equations).
These results apply as much to cosmology as to to domain walls as a consequence
of the Domain-Wall/Cosmology (DW/C) correspondence, although the notion of ‘su-
persymmetry’ must be replaced by ‘pseudo-supersymmetry’. A new observation of
this paper is that if all scalar fields are true scalars rather than pseudo-scalars, then
the DW/C correspondence extends to a triple correspondence with real solutions of
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the Euclidean theory with Euclidean metric, i.e. instantons1. Starting with the cos-
mological solution, one gets the instanton solution by a simple analytic continuation
of the time coordinate. As shown in [15, 25] cosmologies and instantons may actually
be part of the ‘same’ solution; such that, for example, a collapsing big-crunch uni-
verse becomes an expanding big-bang universe by passing through a phase in which
the metric has Euclidean signature [26], so it is perhaps not so surprising that both
have a corresponding domain-wall solution.
The concordance between the FS and HJ formalism might seem surprising when
one reflects on the difference between a static supersymmetric domain wall and the
apparent time-dependence implicit in the effective mechanical model. Of course, one
should interpret ‘time’ as space, but precisely for this reason the potential has the
‘wrong’ sign relative to the original gravity-scalar model, and this again makes the
‘supersymmetry’ puzzling. One might suppose that the resolution of this puzzle is
simply that there is no reason to think of the mechanical model as ‘supersymmetric’
because the ‘supersymmetry’ in question is just the statement that the spacetime
admits Killing spinors, and this has no obvious implications at the level of the effective
Lagrangian. However, the cosmological perspective suggests a different resolution.
The same effective action that governs domain-wall solutions of the model with
potential V governs cosmological solutions of the model with potential −V , so in
this case there is no sign flip of the potential in passing to the effective Lagrangian
(as expected because the ‘time’ of the effective mechanics is now cosmological time).
While it might seem unlikely that a time-dependent solution of this mechanical model
could be ‘supersymmetric’ in any reasonable sense, this is now no more unlikely
than that the cosmological solution should be supersymmetric in the context of some
supergravity theory, and we know that some cosmologies are supersymmetric solu-
tions of pseudo-supergravity theories. This suggests that there might exist a pseudo-
supersymmetric extension of the mechanical model such that the BPS equations of
this model are precisely the first-order equations of the HJ formalism as applied to
cosmology. As shown elsewhere [27], such a ‘pseudo-supersymmetrization’ is not only
possible but can be used to re-derive the HJ formalism!
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